Abstract. We study equivalences induced by a silting module T or, equivalently, by a complex of projectives P, concentrated in −1 and 0 which is silting in the derived category D(R) of a ring R.
Introduction
One of the central results in Tilting Theory is the Tilting Theorem, [12, Theorem 3.5 .1], which states that if (T , F ) the torsion theory generated by a finitely presented (i.e. classical) tilting right R-module T then there exists a torsion theory (X , Y) in the category of right E-modules (E is the endomorphism ring of T ) and a pair of equivalences 
(−, T ).
Such a pair of equivalences is called a counter-equivalence. It was proved in [11] that the existence of a counter equivalence is strongly related to the existence of a classical tilting module which generates T . However, if T is an infinitely generated tilting module then it induces a torsion theory (T , F ) and the functors Hom R (T, −) |T and Ext 1 R (T, −) are fully faithful, [5] , [15] , [16] . The quasi-inverses of the functors are induced by − ⊗ E T and Tor E 1 (T, −). Moreover, it was proved in [5] that these equivalences are better described in the corresponding derived categories. At the level of derived category, if H is the heart of the t-structure associated to a torsion theory generated by a classical tilting module then it is equivalent to a the category of right E-modules. We refer to [29] for a general study of the hearts induced by torsion theories. Moreover, it was proved that the heart of the t-structure associated to a torsion theory is equivalent to a module category if the torsion class is generated by a module T which has a projective presentation P −1 → P 0 → T → 0 such that the associated complex P = · · · → 0 → P −1 → P 0 → 0 → · · · has some special properties (it is a compact and silting) in the derived category ( [13] , [17] , [24] , [28] ). In particular, the support τ -tilting modules introduced in [1] admit such a projective presentation.
The main aim of the present paper is to study the equivalences induced by silting modules. This can be useful since for perfect or hereditary rings many torsion theories are generated by silting modules, [9] . Silting modules were introduced in [4] as infinitely generated versions of support τ -tilting modules, and they are characterized as the modules of the form H 0 (P), where P is a two term silting complex. We refer to [18] , [25] , and [30] for various correspondences realized by such complexes. It was proved in [19, Theorem 3.8] that the Hom-covariant functor and the tensor functor induced by a support τ -tilting module define an equivalence as in the above described counter-equivalences. If T is a silting module then it induces a torsion pair (T , F ), where T is the class of all modules generated by T . If U is the annihilator ideal for T then T is an R/U -tilting module (possible infinitely generated), hence the Tilting Theorem proved in [5] can be applied to deduce that Hom R (T, −) from Mod-R into Mod-E induces an equivalence between T and its image with − ⊗ E T as a quasi-inverse. But a direct application of the Tilting Theorem does not give us information for the whole class F . For a support τ -tilting module T , the case when the covariant functors Ext 1 R (T, −) and Tor E 1 (−, T ) induce an equivalence is characterized in [31] . If R is hereditary, by [2, Proposition 5.2] it follows that the annihilator of a silting module is idempotent, and it is easy to see using [31, Theorem 2.1] that in the case of support τ -tilting modules the restriction of the covariant functor Ext 1 R (T, −) to F induces an equivalence with the quasiinverse the functor Tor E 1 (−, T ) if and only if the module T is tilting (at the level of derived categories the same conclusion can be obtained by using [30, Theorem A] ). However there are many silting torsion pairs over hereditary rings which are not generated by tilting modules, [3] and [9] . Fortunately, it was proved in [10] and [17] that if T = H 0 (P), where P a compact two term silting complex as above then the class F is equivalent to a class of E-modules, where E is the endomorphism ring of P, but the techniques used in these papers cannot be extended to infinitely generated silting modules.
The starting point of our study is a version of Tilting Theorem formulated, at the level of derived category and functors, in [5] and [6] . If R is a k-algebra, it is shown that a good tilting module T ∈ Mod(R) induces an equivalence between the derived category D(R) and a subcategory of the derived category D(B), where B is the endomorphism algebra of T . This equivalence is realized by the derived Hom functor RHom R (T, −), and its inverse is computed by using the derived tensor product. In contrast with the tilting case, when we consider a silting object P ∈ D(R), the module T = H 0 (P) does not carry all information we need. Therefore we have to deal not only with the module T but with the whole complex P since a silting complex is not quasi-isomorphic (i.e. it is not isomorphic in the derived category) to the corresponding silting module.
More precisely, if (T , F ) is a torsion theory induced by a silting module (i.e. T is generated by a silting module) then we can construct a good silting module T which generates T . Here the silting module T is good if it admits a projective presentation P = P
with P ′ ∈ add(P) (we will denote the shift functor by [1] ). In Section 2 we consider P as an object in the unbounded derived category D(R) associated to the category of right R-modules, Mod(R). If E is the endomorphism ring of P in D(R) then P induces the functors
It is not hard to see that Hom D(R) (P, T ) is contained in the category Mod(E), where E is the endomorphism ring of T . Therefore, the tensor product with the left E-module T provides us a left adjoint for this restriction, and we can apply this to describe the equivalence induced by the restriction of Hom D(R) (P, −) to T (Theorem 2.3.2). The study of the restriction of Hom D(R) (P, − [1] ) to F is more complicated since P is not a complex of left E-modules. We want to replace the functor Ext 1 R (T, −) with the restriction of Hom D(R) (P, − [1] ) to F , and we observe that this coincides to the defect of σ, Coker (Hom(σ, −) ). This suggest to replace the Tor functor from Tilting theorem by a a defect functor associated to tensor product. We apply the functor Hom D(R) (−, P) to the triangle ( †), and consider the tensor defect functor Z P associated to the homomorphism β * = Hom D(R) (β, P), i.e. Z P = Ker(− ⊗ E β * ). We will prove in Proposition 2.4.7 that there exists a natural equivalence
, hence we cannot conclude directly that the restriction of Hom D(R) (P, − [1] ) to F is fully faithful.
In order to construct a left adjoint, in Section 3 we will view P as a dg-module over the dg-algebra induced by R, and will consider the endomorphism dg-algebra B = DgEnd R (P) associated to P. Then we can construct the total derived functors RHom R (P, −) and − ⊗ L B P induced by P. This approach has the advantage that we can apply a general tilting theorem proved in [27, Theorem 6.4] . Moreover, H 0 (B) = E, hence Mod(E) is the heart of a natural t-structure constructed on D(B, d), and we can view the functors Hom D(R) (P, −), Hom D(R) (P, − [1] ), − ⊗ E T and Z P as cohomology functors associate to
. Using all these, we are able to recover the tilting theorem proving that the heart of the t-structure associated to the torsion theory (T , F ) is equivalent to {Y ∈ Mod(E) | Hom B (X, Y [n]) = 0 for all X ∈ K and n ∈ Z}, and to describe the restrictions of this equivalence to T and F [1] (Theorem 3.3.1).
In this paper all rings are unital, all categories and functors are additive, and all classes of objects are closed under isomorphisms. If R is a ring then Mod(R) denotes the category of right R-modules, and D(R) is the associated derived category of Mod(R). If P is a complex, then H n (P) denotes the n-th cohomology group associated to P. If C is a category and X is an object in C then Add(X) (resp. add(X)) denotes the class of all objects isomorphic to direct summands of (finite) direct sums of copies of X. If F : C → D is a functor then Ker F denotes the class of all objects X from C such that F (X) = 0. If T and M are R-modules then M is T -generated if there exists an epimorphism T (I) → M , and Gen(T ) denotes the class of all T -generated modules.
2. Silting modules and silting complexes 2.1. Basic results and the setting. Let R be a unital ring. If P −1 σ → P 0 is a morphism between projective right R-modules then the defect of σ is defined as the functor Def σ (−) = Coker(Hom R (σ, −)) : Mod(R) → Ab. We will denote by D σ the kernel (on objects) of Def σ , i.e. the class of all modules L ∈ Mod(R) such that every morphism α : P −1 → L can be extended to a morphism P 0 → L. We recall from [4] that a right R-module T is silting with respect to a projective resolution P
It is easy to see that Gen(T ) is closed under direct sums and epimorphic images. Using [8, Proposition 4] , it follows that Ker(Def σ ) is closed under extensions. Therefore, if T is silting then the class T = Gen(T ) = D σ is a torsion class. We will denote by τ = (T , F ) the induced torsion theory in Mod(R).
In this case we associate to σ the complex
of projective modules, and we note that T is silting with respect to σ if and only if P is a silting complex of projective modules (cf. [4, Theorem 4.9]), i.e. (S1) P (I) ∈ P ⊥>0 for all sets I, and (S2) the homotopy category K b (Proj(R)) is the smallest triangulated subcategory of D(R) containing Add(P), where
If P satisfies the condition (S1) then it is called presilting.
The following lemma is straightforward. It records connections between the functors induced by T and P.
Lemma 2.1.1. Let P ∈ D(R) be a complex induced by a morphism σ :
between projective modules, and denote T = H 0 (P). Then for every M ∈ Mod-R we have:
From [4, Theorem 4.6] we extract the following useful result:
Lemma 2.1.2. If P is a silting complex then
The following result, which is a generalization of [10, Corollary 3.3] , can be extracted from [32] . We include a proof for reader's convenience. Proposition 2.1.3. The following are equivalent for a presilting object P ∈ D(R) which is concentrated in −1 and 0 between projective modules: (1) H 0 (P) is a silting module with respect to P;
, and we consider a triangle
induced by the canonical Add(P)-precovering P
is an epimorphism). Applying the functor Hom D(R) (P, −) to the above triangle, we obtain the exact sequence of k-modules
Therefore, we can apply Lemma 2.1.2 to obtain that Q ∈ Add(P).
(2)⇒(1) Let σ : P −1 → P 0 be the morphism between projective modules which induces P. By [4, Lemma 4.8(3)] we know that T = H 0 (P) is a partial silting module with respect to σ (i.e. Ker(Def σ ) is a torsion class and T ∈ Ker(Def σ )).
, and the proof is complete.
is a Gen(T )-preenvelope for R. Therefore, Proposition 2.1.3 is the triangulated version of [4, Proposition 3.11] .
Using the same technique as in [5, Proposition 3.1] we obtain the following Corollary 2.1.5. Let T be a silting module with respect to a morphism σ, and let P be the silting complex associated to σ. Then there exists a silting complex Q such that
(2) the silting module H 0 (Q) generates the same torsion theory as T .
Proof. (1) We start with a triangle
It is easy to see that Q is partial silting, hence Lemma 2.1.3 proves that Q is a silting complex.
Since converse inclusion is obvious, we conclude that Gen(T ) = Gen(H 0 (Q)).
A torsion theory (T , F ) in Mod-R is called silting torsion theory if there exists a silting module S such that T = Gen(S). By Corollary 2.1.5 we know that there exists a silting complex P such that the silting module T = H 0 (P) generates the class T and there exists a triangle
Such a complex will be called a good silting complex. We fix some objects and morphisms which are used in all the paper. All these are described in the following Setting 2.1.6. Let k be a commutative ring, and R a k-algebra. We will use the following fixed objects, morphisms, and torsion pairs:
is a good silting complex (hence P −1 and P 0 are projective right R-modules); • T = Coker(σ) = H 0 (P) is the corresponding silting module;
• the torsion pair generated by T in Mod(R) is denoted by τ = (T , F );
is the endomorphism ring of T (as an R-module);
• E = End D(R) (P) is the endomorphism ring of P in the derived category of Mod(R); • we consider the torsion pair (U, V) in Mod(E), where
• we fix a triangle
such that P ′ ∈ add(P).
2.2.
Functors induced by silting complexes. The silting module T = H 0 (P) = Hom D(R) (R, P) has a natural structure of left E-module. Therefore it is an an E-R bimodule, hence we obtain two functors:
and
Note that the restriction of H P to Mod(R) coincides to
hence T P is a left adjoint of this restriction, and φ is the counit associated to these adjoint functors. We will denote by ψ the unit associated to these functors. Therefore, ψ X : X → H P T P (X) for all left E-modules X, and 1
Remark 2.2.1. It is a simple exercise to prove that the map ǫ :
, is a surjective ring homomorphism. Consequently, Mod(E) can be viewed as a full subcategory of Mod(E) and for every right E-module X the k-modules X ⊗ E T and X ⊗ E T are naturally isomorphic, [7, Proposition II.2] . Therefore, since for every M ∈ Mod(R) the image H P (M ) is an E-module, φ M coincides to the counit induced by the adjoint functors Hom R (T, −) and − ⊗ E T . A similar remark is valid for the natural morphisms ψ X for all right E-modules.
Applying the functor Hom D(R) (−, P) on the triangle ( †) we obtain the exact sequence of left E-modules
Therefore, β * is a projective resolution for the E-module T . In this setting it will be useful to consider the defect functor associated to the tensor product
induced by β * . Let us summarize the main properties of this functor:
(1) Z P (Y ) has a natural structure of right R-module, and it induces a functor Z P :
(3) For every right E-module M there is a natural epimorphism
which is an isomorphism if β * is a monomorphism.
Proof.
(1) For every r ∈ R we denote by t r : R → R the left multiplication by r. This is an R-endomorphism of R as a right R-module.
Applying the contravariant functor (−)
we obtain the solid part of the commutative diagram of k-modules
It can be completed by an endomorphism t r X of the k-module Z P (X).
We claim that t r X does not depend on the choice of the morphisms f and g.
Suppose that f ′ : P n → P n and g ′ : P ′ → P ′ are other two morphisms which make the first diagram commutative, and that they induce the endomorphism t ′ r X of
Therefore, we obtain a map Φ : R → End Z (Z P (X)), Φ(r) = t r X . It is easy to see, by using the independence we just proved, that Φ is additive and Φ(rs) = Φ(s)Φ(r), hence it induces a right R-module structure on Z P (X).
Moreover, if ρ : X → Y is a homomorphism of right E-modules, we can construct the commutative diagram
Since the left square is commutative, it follows that Z P (ρ) is an R-module morphism. Now it is easy to see that
The proof is similar to the proof of the corresponding result about the defect functor induced by Hom (see [8] ).
(3) Let I be the image of β * . For for every right E-module M we obtain a commutative diagram of R-modules
whose horizontal lines are exact. It follows that the restriction at Ker(M ⊗ E β * ) of the natural morphism
Remark 2.2.3. Since in the case σ is injective (i.e. T is tilting) we have E ∼ = E, Lemma 2.2.2(3) proves that the study of equivalences induced by Z P is a natural generalization of the tilting theorem.
We mention, for reader's convenience, the following general result:
Lemma 2.2.4. Let A be an additive category. If X, Y and Z are objects in A such that Y ∈ add(X) and E is the endomorphism ring of X then map
and is an isomorphism of k-modules which is natural in Y and Z.
In the next lemma we will apply some techniques used in the proof of [14, Lemma 2.15].
Lemma 2.2.5. If P be a good silting complex then for every R-module M we have
* ) then we apply the natural isomorphism Θ :
2.4, and we ob-
Since P ′ ∈ add(P), there exists a positive integer m and a direct decomposition P m = P ′ ⊕ P ′′ . Therefore we have a split short exact sequence
which induces a monomorphism
The class T . In order to study the class T let us denote by K the annihilator of T as a right R-module. As a consequence of [4, Proposition 3.2] we observe that T is a good tilting R/K-module. Therefore we can apply [5, Theorem 4.5 ] to obtain an equivalence between T and a class of E-modules (hence a class of E-modules).
The main aim of this section is to characterize this class as a class of E-modules.
Lemma 2.3.1. For every right E-module X we have T P (X) ∈ T , hence T P (ψ X ) is an isomorphism and
Proof. Let f : E (I) → X be an epimorphism. Then T P (f ) is an epimorphism, and since T is closed with respect direct sums and epimorphisms, it is enough to observe that T P (E) ∼ = T ∈ T .
In order to see that T P (ψ X ) is an isomorphism, it is enough to observe that 1 T P (X) = φ T P (X) T P (ψ X ) and that φ T P (X) is an isomorphism since T P (X) ∈ T . The equality H P (T P (X)[1]) = 0 follows from the definition of silting modules.
The following result proves that the restriction of the functor H P at T induces an equivalence onto its image H P (T ), with T P a quasi-inverse. In order to compute H P (T ) we consider, as in [5] , the class
Theorem 2.3.2. We consider the torsion class U = Ker(T P ) in Mod(E), and we denote by V the corresponding torsion-free class. The functors H P and T P induce an equivalence of categories
, it is enough to prove that
For a module M ∈ T , we consider a short exact sequence
with U ∈ Ker(T P ) and H P (M )/U ∈ V. We obtain the commutative diagram
Since ψ H P (M) is an isomorphism, it follows that ψ U is a monomorphism, hence U = 0. Therefore H P (T ) ⊆ V, and we obtain Hom E (E, H P (T )) = 0 since E ⊆ U. Let 0 → H P (M ) → Y → Z → 0 be an exact sequence such that Z ∈ E. Then we obtain the commutative diagram
Since ψ HP(M) is an isomorphism, it is easy to see that the exact sequence 0
, X) = 0. We want to prove that the natural morphism ψ X : X → H P T P (X) is an isomorphism.
If U = Ker(ψ X ) and V = Im(ψ X ), we observe that V ∈ Ker Z P since H P T P (X) ∈ Ker Z P . Therefore, we have an exact sequence
Since T P (ψ X ) is an isomorphism, it follows that T P (X) → T P (V ) is a monomorphism, and it follows that T P (U ) = 0. Then U ∈ U, X ∈ V, and we have a monomorphism U → X. This is possible only if U = 0.
Therefore ψ X is a monomorphism. If Y = Coker(ψ X ) then we have an exact sequence
Since T P (ψ X ) is an isomorphism, and Z P H P T P (X) = 0 (by Lemma 2.2.5), it follows that Y ∈ E, hence ψ X is a splitting monomorphism. From Lemma 2.3.1 we observe that T P (X) ∈ T , hence H P T P (X) ∈ V by what we proved so far. Since ψ X splits there exists a monomorphism Y → H P T P (X). But Y ∈ U, and this implies that Y = 0. It follows that ψ X is an isomorphism, hence X ∈ H P (T ).
2.4.
The class F . In order to study the restriction of functor H P (− [1] ) to F we need some preliminary results.
Lemma 2.4.1. Suppose that there exists a triangle
Proof. If X is isomorphic to a finite power of P then the property is obvious.
Suppose that there exists a set I such that X ∼ = P (I) . Since R is compact in D(R), for every α : R → P (I) there exists a finite subset J ⊆ I such that α factorizes through the canonical splitting morphism R J → R (I) . Using this, it is easy to see that α ∈ Im(φ P (I) ).
Finnaly, let us suppose that there exists a triangle K → P (I) → X → K[1] such that K ∈ Mod(R). Then it induces a commutative diagram
such that the horizontal lines are exact sequences. Now the conclusion is obvious.
Lemma 2.4.2. For every X ∈ D(R) the natural morphism φ X is monic.
Proof. Since P is a good silting complex there exists a triangle
such that P ′ ∈ add(P). Then Hom D(R) (R, P) is generated as an E-module by α j = π i α, where π j : P n → P is the i-th canonical projection for j = 1, . . . , n. Let u = n j=1 f j ⊗ α j ∈ Ker(φ X ). Then n j=1 f j α j = 0. If f : P n → X is the morphism induced by f 1 , . . . , f n then f α = 0, hence f factorizes through β. Since P ′ ∈ add(P), it follows that there exists a positive integer m such that f factorizes through a morphism σ : P n → P m . If f = f σ, we can view f as f = (f 1 , . . . , f n ) with f i = f u i , where u i : P → P m is the i-th canonical embedding, and we can also view σ as a matrix σ = (σ ij ) with all σ ij ∈ End D(R) (P). It follows that for all j = 1, . . . , n we have
and the proof is complete. give us a proof for the fact that for every M ∈ T the map φ M is an isomorphism which generalizes the tilting case. In order to see this, let us consider the canonical morphism P (I) → M , where I = Hom D(R) (P, M ). This induces the canonical homomorphism T (I) → M , which is an epimorphism since M is T -generated. Then we have a commutative diagram
and we can apply Lemma 2.4.1 and Lemma 2.4.2 to obtain the conclusion.
Proposition 2.4.5. For every right R-module M there exists a triangle
Proof. Let I be a set such that there exists an exact sequence
Then we obtain in D(R), by using a cobase change, a commutative diagram
such that all rows and columns are triangles in D(R). Then (1) can be obtained by using the second vertical triangle, while (2) follows from Lemma 2.4.1, Lemma 2.4.2 and Corollary 2.4.3.
Proof. Let M ∈ F , and we consider a triangle
we have a short exact sequence
in Mod(E). Therefore, we have the commutative diagram
and the conclusion follows from the fact that φ L and φ Q are isomorphisms.
Proposition 2.4.7. There exists a a natural isomorphism
Proof. If X ∈ F we apply the contravariant functors
Moreover, let us observe by Lemma 2.2.4 that for all Y, Q ∈ D(R) there are natural transformations
which are isomorphisms for all Q ∈ add(P).
Therefore, using the natural isomorphism Hom D(R) (R, X) ∼ = X, we obtain the solid part of the following commutative diagram of k-modules
Since the solid vertical maps are both isomorphisms, the same is true for the dotted arrow ζ X . Moreover, using the same proof as in Lemma 2.2.2(1) we obtain that ζ X is a natural morphism of R-modules, and the proof is complete.
Remark 2.4.8. In general the functor Z P is not a left adjoint for
Therefore, from the previous proposition we cannot conclude directly that
is fully faithful on its image. Moreover, we cannot use the same techniques as those used in [15] for the tilting case since Z P (E) = 0.
Silting complexes as dg-modules
In contrast with the tilting case, when we consider a silting object P ∈ D(R), the module T = H 0 (P) does not carry all information we need. Therefore we have to deal not only with the module T but with the whole complex P. Since P is not a complex of Mod(E) modules, in order to obtain a pair of adjoint functors, we have to consider the dg-endomorphism algebra of P, and the total derived functors.
3.1.
Functors induced by dg-modules. First we recall some generalities about dg-algebras and the total derived functors between their derived categories. We will follow [22] , [23] , and [21] in these considerations.
Let k be a commutative ring. Recall that a dg-algebra is a Z-graded k-algebra B = i∈Z B i endowed with a differential d : B → B such that d 2 = 0 which is homogeneous of degree 1, that is d(B i ) ⊆ B i+1 for all i ∈ Z, and satisfies the graded Leibniz rule:
A (right) dg-module over B is a Z-graded module
endowed with a k-linear square-zero differential d : M → M , which is homogeneous of degree 1 and satisfies the graded Leibnitz rule:
Left dg-B-modules are defined similarly. A morphism of dg-B-modules f : M → N is a B-linear map compatible with gradings and differentials. In this way we obtain the category Mod(B, d) of all dg-B-modules. If B is a dg-algebra, then the dual dg-algebra B op is defined as follows: B op = B as graded k-modules, ab = (−1) ij ba for all a ∈ B i and all b ∈ B j and the same differential d. It is clear that a left dg-B-module M is a right dg-B op -module with the "opposite" multiplication xa = (−1) ij ax, for all a ∈ B i and all x ∈ M j , henceforth we denote by Mod(B op , d) the category of left dg-B-modules.
For a dg-module M ∈ Mod(B, d) we define for all n ∈ Z the B 0 -modules
Note that these induce functors into the category of B 0 -modules. We call H n (M ) the n-th cohomology of M . A morphism of dg-modules is called quasi-isomorphism if it induces isomorphisms in all cohomologies. A dg-module M ∈ Mod(A, d) is acyclic if H n (M ) = 0 for all n ∈ Z. A morphism of dg-A-modules f : M → N is called null-homotopic provided that there is a graded homomorphism s : M → N of degree −1 such that f = sd + ds. The homotopy category K(B, d) has the same objects as Mod(B, d) and the morphisms are equivalence classes of morphism of dg-modules, up to homotopy. It is well-known that the homotopy category is triangulated. Moreover a nullhomotopic morphism is acyclic, therefore the functors H n factor through K(B, d) for all n ∈ Z.
The derived category
for all dg-B-modules M . Dually we define fibrant objects.
Let now A and B be two dg-algebras and let U be a dg-B-A-bimodule (that is U is a dg-B op ⊗ k A-module). For every X ∈ Mod(A, d) we can construct the dg-Hom complex Hom
with Hom n A (U, X) = i∈Z Hom A (U i , X n+i ), whose differentials are given by
With this definition, Hom
• A (U, X) becomes a dg-B-module, so we get a functor (the definition on morphisms is obvious)
It induces the right derived Hom functor
where RHom A (U, X) = Hom
where U ′ is a cofibrant replacement of U (that is, a cofibrant dg-A-module U ′ together with a quasiisomorphism U ′ → U ) and X ′ is a fibrant replacement of X (which is defined by duality). It was proved in [22, Theorem 3.1] that (co)fibrant replacements always exist in K (A, d) .
There exists a natural grading on the usual tensor product M ⊗ B U , which can be described as:
where M ⊗ n B U is the quotient of i∈Z M i ⊗ B 0 U n−i by the submodule generated by m ⊗ bu − mb ⊗ u where m ∈ M i , u ∈ U j and b ∈ B n−i−j , for all i, j ∈ Z. Together with the differential
we obtain a a functor − ⊗
, and further a triangle functor − ⊗
3.2.
Functors induced by silting complexes as dg-modules. By [21, Example 2.1. a)] we observe that the ordinary ring R can be viewed as a dg-algebra R = (R, d) concentrated in degree 0. Therefore, a dg-module over (R, d) is a complex of ordinary (right) R-modules, hence Mod(R, d) is the category of all complexes (we will not use another special notation for the category of complexes). We can identify D(R) = D(R, d), and we view P as an (R, d)-module. The complex P is cofibrant because it is a bounded complex with projective entries. Therefore RHom R (P, −) = Hom Proof. Since B = RHom R (P, P) = Hom
• R (P, P), the dg algebra B can be represented as the complex
which is concentrated in degrees −1, 0 and 1. From Hom D(R) (P, P[1]) = 0 we deduce that H 1 (B) = 0, so B is quasi-isomorphic to its smart truncation
where Applying the (contravariant) triangle functor RHom R (−, P) to the triangle ( †), we obtain a triangle in D(B op , d):
where B ′ = RHom R (P ′ , P) ∈ add(B), B n = RHom R (P, P) n ∼ = RHom R (P n , P) and RHom R (R, P) ∼ = P is the above isomorphism. We denote
Let us observe that RHom R (R, P) is the complex
which is concentrated in the degrees −1 and 0. This complex is isomorphic to P in the category of left dg-B-modules. Then P becomes a dg-B-R-bimodule and consequently it induces the total derived covariant functors
For an easier reference, we list some known properties of these functors:
The following statements are true:
Proof. For (1) see [33, Proposition 24.4] . For (2) and (3) Remark 3.2.3. As a consequence of the following results we can see that H P and T P are also the restrictions of the total right, respectively left derived functors, hence ψ and φ are restrictions of the unit, respectively counit of the adjunction between the total derived functors.
Let H(τ ) be the heart of the t-structure associated to τ = (T , F ), i.e. the category of all objects X ∈ D(R) which lie in triangles F [1] → X → M → F , where F ∈ F and M ∈ T . 
In these hypotheses we have a natural isomorphism RHom R (P, X) ∼ = Hom D(R) (P, X).
Proof. The complex X ∈ H(τ ) is isomorphic to a complex
which is concentrated in −1 and 0 such that Ker(α) ∈ F and Coker(α) ∈ T . Then RHom R (P, X) is the complex
be an R-morphism such that f σ = 0 and αf = 0. From f σ = 0 it follows that there exists g : T → X −1 such that f = gπ, where π : P 0 → T is the cokernel of σ. Since π is an epimorphism, it follows by αf = 0 that αg = 0. Then g factorizes through a morphism T → Ker(α). But Ker(α) ∈ F , and we obtain g = 0, hence f = 0. Using some similar (standard) techniques it follows that α • − − • (−σ) is surjective. Then RHom R (P, X) is in fact isomorphic to the complex concentrated in 0 which is represented by H 0 (RHom R (P, X)) = Hom D(R) (P, X). (b)⇒(a) Let u : Ker(α) → X −1 be the inclusion map. Suppose that Ker(α) / ∈ F . Then there is a nonzero morphism g : T → Ker(α). It is easy to see that ugπ :
Therefore, Ker(α) ∈ F . Let K = Coker(α), and denote by p : X 0 → K the canonical surjection. We will prove that K ∈ D σ . If f : P −1 → K is a morphism, it can be lifted to a morphism
Corollary 3.2.5. Let X be a right R-module. Then:
Proof. (1), (2), (4), and (5) are consequences of the previous result. (3) Since both pairs of functors (RHom R (P, −), −⊗ L B P) and (H P , T P ) are adjoint, and the functors RHom R (P, −) and H P coincide on T it follows that the left adjoints also coincide on the image H P (T ). 
Moreover, for such an object we have
. For Y ∈ Mod(E), the resulting complex is concentrated in degrees −1 and 0, and computing U n for n = −1, 0 we obtain U 0 = 0 and 
By Lemma 3.2.2 and a well-known analogous result for modules, we have the natural isomorphims in D(R) (i.e. quasi-isomorphisms)
are concentrated in degree 0, hence the first map of the above triangle is
Taking the long exact sequence of the cohomologies of this triangle we obtain an exact sequence:
Finally, it is not hard to see that the R-module structure of Z P (Y ) defined in Lemma 2.2.2 is the same as the R-module structure of 
B P) and we are done. Remark 3.2.7. From the previous lemma it can be proved that the pair of functors
: Z P represents an adjunction. By Proposition 2.4.7 it follows that it represents an equivalence of categories, and ζ is the counit associated to the adjoint functors which provide this equivalence. All these remarks are included the silting theorem proved in the next section.
3.3. The silting theorem. We will denote K = Ker(− ⊗ L B P), and
The silting theorem can be formulated in the following way: 
induce an equivalence of categories, (2) the restrictions of the above functors induce the equivalences 
, where M, F ∈ Mod(R), and M = Y ⊗ E T . Since M ∈ T , we obtain that RHom A (U, M ) ∈ Mod(E). Therefore, in the triangle F [2] ) the objects RHom R (P, Y ⊗ L B P) ∼ = Y and RHom R (P, M ) are E-modules, and it follows that the complex RHom R (P, F [1] ) is concentrated in 0 and 1. But for every right R-module L we have H 1 RHom R (P, L[1]) = 0, and it follows that RHom R (P, F [1] ) is concentrated in 0. This is possible exactly when F ∈ F . Therefore Y ⊗ L B U ∈ H(τ ), hence Y ∈ RHom R (P, H(τ )), and it follows that RHom R (P, H(τ )) = Mod(E) ∩ K ⊥ . (2)(a) By Corollary 3.2.5 and Theorem 2.3.2 it follows that RHom R (P, T ) ⊆ V ∩ K ⊥ . In order to prove the converse inclusion, we fix a module Y ∈ V ∩ K ⊥ . If Z ∈ E it follows from Lemma 3. ⊥ then there exists L ∈ D(R) such that RHom R (P, L) = X. Moreover, since RHom R (P, −) induces an equivalence onto K ⊥ , it follows that we can suppose X ⊗ L B P = L. From Lemma 3.2.6(2) we conclude that X ⊗ L B P is a complex concentrated in −1 (since X is an E-module). It follows that there exists F ∈ Mod(R) such that X ⊗ L B P = F [1] . Therefore, RHom A (P, F )[1] = RHom A (P, X ⊗ L R P) ∼ = X is concentrated in 0. Using Corollary 3.2.5(4) it follows that F ∈ F . Then U ∩ K ⊥ ⊆ RHom A (U, F ). By a direct application of Lemma 3.2.6, we observe that the proof is complete. Proof. Since P is compact, we can suppose that P −1 and P 0 are finitely generated. We apply RHom R (−, P) to the triangle P −1 → P 0 → P → P −1 [1] , and we obtain a triangle of left B-modules X → Y → B → X [1] , with X, Y ∈ add(P). If Z ∈ K then X ⊗ 
